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Abstract
The ‘2-invariants of the fundamental group G of a graph of groups acting on a CW-complex
X are related to the ‘2-invariants of the edge and vertex groups of G acting on X . Various
consequences are derived.
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1. Introduction
The object of this paper is to investigate the fundamental group of a graph of
groups acting cellularly on CW-complexes and especially to derive information on
the ‘2-invariants of such an action. Our main result is to derive a long weakly exact
sequence which relates the ‘2-invariants of the edge and vertex groups acting on a
CW-complex X to those of the fundamental group of a graph of groups acting on X .
A consequence of the sequence is the following
Theorem 4.4. Suppose G is the fundamental group of a graph of amenable groups
with only $nitely many edge and vertex groups $nite. Let X be a G-CW complex and
suppose X is rationally $nite and the action of G on X is co-compact and virtually
free. Then
v(X ) = Q(X )
(∑
v∈V
1
|Gv| −
∑
e∈E
1
|Ge|
)
:
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v(X ) denotes (1=[G:H ])(X=H) where H of $nite index in G acts freely and Q(X )
is the rational homological Euler characteristic of X .
We are also able to extend a result of Cheeger and Gromov ([3], Corollary 0.6) and
a pair of results of Eckmann ([6], Theorems 2.2 and 3.1) from the class of inCnite
amenable groups to the strictly larger class of fundamental groups of graphs of inCnite
amenable groups. In particular
Theorem 4.7. Let X be a $nite K(G; 1). If G contains a non-trivial normal subgroup
H where H is the fundamental group of a graph of in$nite amenable groups then
(X ) = 0.
Theorem 4.8. Suppose G is the fundamental group of a graph of in$nite amenable
groups and acts co-compactly and virtually freely on an n-dimensional CW-complex
Y such that dimQ Hi(Y;Q)¡∞ for i¡n. Then (−1)nv(Y )¿ 0 and the following
are equivalent:
(a) Hn(Y ) = 0,
(b) dimQ Hn(Y;Q)¡∞,
(c) v(Y ) = 0.
Although the original and more familiar approach to ‘2-cohomology and ‘2-Betti
numbers, as in [1,3], was via functional analysis, in this paper we will use the algebraic
description of these invariants as developed by LEuck in [8,9]. A very readable account
of this approach can be found in [10], Chapter 6.
2. Denitions and preliminary results
For any group G let l2(G) denote the Hilbert space of square summable complex
functions on the discrete group G. The group G and hence the complex group al-
gebra CG acts as bounded operators on l2(G) via left multiplication and the group
von Neumann algebra NG is the weak closure of CG in the bounded operators of
l2(G). It follows from the double commutant theorem for von Neumann algebras that
NG consists of the G-equivariant bounded operators on l2(G) where G acts via right
multiplication on l2(G). As a ring NG is semi-hereditary, i.e. any Cnitely generated
submodule of a projective module is projective. If A ⊆ B are NG-modules, deCne
GA= {b∈B|f(b) = 0 whenever f∈HomNG(B; NG) and A ⊆ kerf}:
Call a sequence A
f→B g→C of NG-modules weak exact if imagef=kernel g. A Cnitely
generated Hilbert G-module P is a Hilbert space with an isometric G action such that
there exists an isometric G-equivariant embedding of P onto a closed G-invariant
subspace of l2(G)k for some k ¿ 0.
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Theorem 2.1 (LEuck [8]). The category of $nitely generated projective NG-modules
is equivalent to the category of $nitely generated Hilbert G-modules with the free
module NG corresponding to the Hilbert G-module l2(G). Moreover under this cor-
respondence exactness and weak exactness is preserved.
Hence there is a dimension function deCned on the category of Cnitely gener-
ated projective NG-modules corresponding to the von Neumann dimension of Hilbert
G-modules and this function is additive on short weak exact sequences of NG-modules.
In [9] LEuck showed how to extend the dimension function to the category of all
NG-modules provided one allows the function to have values in [0;∞]. He proves the
following theorem.
Theorem 2.2 (LEuck [9]). Given any NG-module M there exists an element of [0;∞],
denoted dimG(M) and satisfying the following properties:
(a) If M is $nitely generated and K ⊆ M then M= GK is $nitely generated projective
and dimG(M) = dimG(PM) where PM denotes M= G0.
(b) If K ⊆ M where M is $nitely generated, then dimG(K) = dimG( GK).
(c) If 0 → M0 → M1 → M2 → 0 is exact, then dimG(M1) = dimG(M0) + dimG(M2)
where ∞+ a=∞ for any a∈ [0;∞].
(d) If M =
⋃
i∈I Mi and for each i; j∈ I there exists k ∈ I with Mi, Mj ⊆ Mk , then
dimG(M) = supi∈I dimG(Mi).
In the same paper LEuck also proves the following result.
Theorem 2.3 (LEuck [9]). Let i :H ,→ G be a group monomorphism. Let M be an
NH -module and denote by i∗(M) = NG ⊗NH M the induced NG-module. Then
(a) The functor i∗ is faithfully :at.
(b) dimG(i∗(M)) = dimH (M).
We need one further result on the dimension function. This was also proven in
[9] but perhaps more correctly some credit should given to Pasche. In [11], Pasche
considered the following problem. Let f :CGn → CGm be a CG-module map. Then
f induces a map Gf : l2(G)n → l2(G)m and one can consider the Hilbert G-module
Mf = kernel Gf=kernelf. Pasche shows that up to isomorphism Mf only depends on
cokernelf and that if G is amenable Mf = 0 for all f. Using the equivalence of
categories the map Gf corresponds to the map 1⊗f :NGn → NGm and Mf corresponds
to the Cnitely generated projective module kernel(1⊗ f)= GU where U is the image of
the natural map NG ⊗ kernelf → kernel(1 ⊗ f). This in turn is easily seen to be
isomorphic to PTorCG1 (NG; cokernelf). Hence if G is amenable and M is a Cnitely
presented CG-module then dimG(TorCG1 (NG;M)) = 0. An easy argument with limits
then gives
Theorem 2.4 (LEuck [9] and Pasche [11]). If G is amenable then dimG(TorCGp (NG;M))
= 0 for all CG-modules M and all p¿ 0.
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Let X be a connected graph. Suppose one has the following data (G; X ). For each
v∈V (X ) a group Gv and for each edge e∈E(X ) a group Ge. Suppose further that
for each edge one has monomorphisms %oe :Ge → Goe and %te :Ge → Gte where
oe (resp. te) denote the initial (resp. terminal) vertices of the edge e. In these cir-
cumstances there is a well deCned group (1(G; X ), called the fundamental group of
the graph of groups, associated to the data [13]. One can think of this group as the
group with the following presentation. Let T be a maximal tree in X . Then the pre-
sentation is
{Gv; v∈V (X ); te; e∈E(X )|relGv; v∈V (X );
te%oe(a)t−1e = %te(a); a∈Ge; te = 1; e∈T}:
This is a generalization of amalgamated free products and HNN-extensions. If G =
(1(G; X ) and all the groups belong to some class of groups, e.g. amenable, we will
say G is the fundamental group of a graph of amenable groups. The major result we
need here is the following, which is implicit in [4]. One can derive this by noting that
G acts on a tree with the isotropy of the edges (vertices) being the conjugates of the
groups Ge (Gv).
Theorem 2.5 (Chiswell [4]). Let G be the fundamental group of a graph of groups
and k any commutative ring. Then there exists an exact sequence of kG-modules
0→
⊕
e∈E
k(G=Ge)→
⊕
v∈V
k(G=Gv)→ k → 0:
3. Graphs of groups acting on CW-complexes
Proposition 3.1. Let G be a group, H ⊆ G a subgroup and M a CH -module. Then
(a) TorCGp (NG; Ind
G
H M) ≈ NG ⊗NH TorCHp (NH;M) for p¿ 0,
(b) if H is amenable, then dimG(TorCGp (NG; Ind
G
H M)) = 0 for all p¿ 0.
Proof. If P∗ is a projective CH -resolution of M , then IndGH P → IndGH m is a CG-
projective resolution of IndGH M . Therefore we have the following chain of isomor-
phisms:
TorCG1 (NG; Ind
G
H M)≈Hp(NG ⊗CG (CG ⊗CH P∗)
≈Hp(NG ⊗CH P∗))
≈Hp(NG ⊗NH (NH ⊗CH P∗))
≈NG ⊗NH Hp(NH ⊗CH P∗)
≈NG ⊗NH TorCHp (NH;M);
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where the fourth isomorphism exists since NG is Kat as an NH -module. If H is
amenable dimH (TorCHp (NH;M)) = 0 for all p¿ 1 and hence (b) is a consequence
of (a) since induction preserves dimension.
Let C denote the class of NG-modules of dimension zero.
Remark 3.2. (i) The canonical anti-involution on NG allows one to identify the cate-
gories of left and right NG-modules and we do so without further ado.
(ii) It is easy to see that C is a Serre class of modules, that is C contains the zero
module and if 0 → A → B → C → 0 is exact then B∈C if and only if A and C are
in C.
Denition 3.3. We will say a sequence A
f→B g→C of NG-modules is C-exact if g ◦
f = 0 and ker g=imf∈C.
Remark 3.4. It is not diLcult to see that the notion of C-exactness agrees with weak
exactness on the full subcategory of Cnitely generated projective NG-modules which
is equivalent to Cnitely generated Hilbert G-modules by Theorem 2.1.
Let X be a G-CW complex where G is the fundamental group of a Cnite graph of
groups. C∗(X ) will denote the cellular chain complex of X over the complex numbers.
⊗ will always denote tensor product over C and ⊗G tensor product over CG.
Proposition 3.5. Suppose G is the fundamental group of a graph of groups and X
is a G-CW complex where G acts with all isotropy subgroups amenable. Then if
NG⊗C(G=H) has the diagonal G-action there exists a C-exact sequence of NG-chain
complexes,
0→
⊕
e∈E
(NG ⊗ C(G=Ge))⊗G C∗X *→
⊕
v∈V
(NG ⊗ C(G=Gv))⊗G C∗X
→NG ⊗G C∗X → 0:
Proof. Tensoring the exact sequence of section 2 (over C) with NG we obtain the
exact sequence
0→
⊕
e∈E
NG ⊗ C(G=Ge)→
⊕
v∈V
NG ⊗ C(G=Gv)→ NG → 0;
where the G-action is diagonal. Tensoring this exact sequence (over CG) with C∗(X )
we obtain the exact sequence
TorCG1 (NG;C∗(X ))→
⊕
e∈E
(NG ⊗ C(G=Ge))⊗G C∗(X )
+→
⊕
v∈V
(NG ⊗ C(G=Gv))⊗G C∗(X )→ NG ⊗G C∗(X )→ 0:
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Now
Cp(X ) ≈
⊕
,∈-p
IndGG, C,;
where -p is a set of representatives of the orbits of the action and G, is the isotropy
group of the cell ,. From the previous proposition dimG(TorCG1 (NG;C∗(X )))=0 since
each G, is amenable by hypothesis. Therefore dimG(kernel +) = 0 and hence
0→
⊕
e∈E
NG ⊗ C(G=Ge)⊗G C∗(X ) +→
⊕
v∈V
NG ⊗ C(G=Gv)⊗G C∗(X )
→NG ⊗G C∗(X )→ 0
is C-exact.
In order to use this we will need the following proposition.
Proposition 3.6. Suppose 0 → C∗ f→D∗ g→E∗ → 0 is a C-exact sequence of NG-
complexes. Then there exists chain complexes C′∗ and E
′
∗ and chain maps * :C∗ →
C′∗, / :E
′
∗ → E∗ such that
(a) *∗ :H∗(C∗)→ H∗(C′∗) and /∗ :H∗(E′∗)→ H∗(E∗) are C-isomorphisms.
(b) There exists an exact sequence
· · · → Hk(C′∗)
f′∗→Hk(D∗) g
′
∗→Hk(E′∗)→ Hk−1(C′∗)→ · · · :
Proof. Since dim is additive on exact sequences, it follows that if A∗ is a complex
of NG-modules and dimG(Ak) = 0 for all k then dimG(Hk(A∗)) = 0 for all k. It now
follows from the short exact sequences
0→ kernelf → C → imagef → 0
0→ imagef → kernel g→ kernel g=imagef → 0 and
0→ image g→ E → cokernel g→ 0
of NG-chain complexes that the maps H∗(C) → H∗(imagef), H∗(imagef) →
H∗(kernel g) and H∗(image g) → H∗(E) are all C-isomorphisms. From the long exact
homology sequence for the sequence
0→ kernel g→ D→ image g→ 0
the result now follows.
Denition 3.7. A sequence · · · → An+1 → An → An−1 → · · · of NG-modules will be
called weak C-exact if there exists NG-modules A′n such that
(a) For all n, An is C-isomorphic to A′n.
(b) There exists an exact sequence · · · → A′n+1 → A′n → A′n−1 → · · ·.
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Remark 3.8. Since the dimension function is additive on short exact sequences it fol-
lows that if An → An−1 → · · · · · · → A1 → A0 is a weak C-exact sequence of
NG-modules then
(i) dimG(Ai)¡∞ for all i implies
∑
(−1)i dimG(Ai) = 0,
(ii) dimG(Ai−1) = dimG(Ai+1) = 0 imply dimG(Ai) = 0.
Denition 3.9. If Y is a G-CW complex and A is a k(G)-module then the homology
of Y with local coeLcients A, HG∗ (Y; A) is deCned to be the homology of the complex
A⊗k(G) C∗(Y ) ≈ (A⊗ C∗(Y ))G where A⊗ C∗(Y ) has the diagonal G action.
In this paper k will always be the complex numbers C. Note that for every subgroup
U ⊆ G, HU∗ (Y; A) is also deCned.
Theorem 3.10. Suppose G is the fundamental group of a graph of groups and X is
a G-CW complex with all isotropy subgroups amenable. Then there exists a weak
C-exact sequence of NG-modules
· · · →
⊕
e∈E
NG ⊗NGe HGen (X; NGe)→
⊕
v∈V
NG ⊗NGv HGvn (X; NGv)→
HGn (X; NG)→ · · · · · · →
⊕
v∈V
NG ⊗NGv HGv0 (X; NGv)→ HG0 (X; NG)→ 0:
Proof. Propositions 3.5 and 3.6 together give the weak C-exact sequence
· · · →
⊕
e∈E
HGn (X; NG ⊗ C(G=Ge))→
⊕
v∈V
HGn (X; NG ⊗ C(G=Gv))→
HGn (X; NG)→ · · · · · · →
⊕
v∈V
HG0 (X; NG ⊗ C(G=Gv))→ HG0 (X; NG)→ 0;
where the G-action on NG ⊗ C(G=Gv) and NG ⊗ C(G=Ge) is diagonal. Now for any
G-module B, subgroup U ⊆ G and G-chain complex C∗, (B ⊗ C(G=U )) ⊗CG C∗ ≈
ResGU B⊗CU ResGU C∗ via the chain map which sends b⊗ gU ⊗ x to g−1b⊗ g−1x. (The
inverse sends b⊗x to b⊗U⊗x.) Therefore HG∗ (X; NG⊗C(G=Ge)) ≈ HGe∗ (X;ResGGe NG)
and similarly for Gv. However for any subgroup U ⊆ G,
HU∗ (X;Res
G
U NG) =H∗(NG ⊗CU C∗(X ))
≈H∗((NG ⊗NU NU )⊗CU C∗(X ))
≈H∗(NG ⊗NU (NU ⊗CU C∗(X )))
≈NG ⊗NU H∗(NU ⊗CU C∗(X ))
= NG ⊗NU HU∗ (X; NU ):
The Crst isomorphism is since NG ≈ NG ⊗NU NU as an (NG; NU )-bimodule. The
second is the usual associativity isomorphism and the last since NG is Kat as an
NU -module. Hence the result.
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Let X be a G-CW complex. DeCne the l2-Betti numbers of X , b(2)p (X ;G), to be
dimG(HGp (X; NG)) and the l
2-Betti numbers a group G, bp(G), as b
(2)
p (EG;G). Then
since dimension is invariant under induction and additive for weak C-exact sequences
we see that for G the fundamental group of a graph of groups the above sequence gives
relationships among b(2)∗ (X ;Ge), b
(2)
∗ (X ;Gv) and b
(2)
∗ (X ;G). As examples consider the
following.
Corollary 3.11. Let G be the fundamental group of a graph of in$nite amenable
groups, then b(2)n (G) = 0 for all n.
Proof. In [3] it is shown that b(2)n (G)= 0 for all n if G is an inCnite amenable group.
Hence if one takes X =EG then the conclusion follows from the previous theorem and
Remark 3.8.
Using the fact that for any group G, b(2)0 (G) = 1=|G| ([10]), the same proof gives
Corollary 3.12. Let G be the fundamental group of a graph of amenable groups.
Suppose only $nitely many vertex groups and edge groups are $nite. Then
(i) b(2)0 (G) =
1
|G| :
(ii) b(2)1 (G) =
1
|G| +
∑
e∈E
1
|Ge| −
∑
v∈V
1
|Gv| :
(iii) b(2)p (G) = 0 for p¿ 1:
Denition 3.13. A G-CW complex is called l2-Cnite if
∑
p b
(2)
p (X ;G)¡∞. If X is
l2-Cnite then the l2-Euler characteristic (2)(X ;G) is deCned as
∑
p (−1)pb(2)p (X ;G).
Corollary 3.14. Suppose G is the fundamental group of a $nite graph of groups.
Suppose further that X is a G-CW complex with all isotropy amenable. Then if X is
l2-$nite with respect to all the edge groups Ge and vertex groups Gv it follows that
X is l2-$nite with respect to G and
(2)(X ;G) =
∑
v∈V
(2)(X ;Gv)−
∑
e∈E
(2)(X ;Ge):
With the following deCnition we see the previous result as an Euler characteristic
formula.
Denition 3.15. If X is a G CW-complex we will say the action of G is virtually
free if some subgroup G′ of G of Cnite index acts freely on X . If the action is
also co-compact, that is X=G is compact then necessarily X=G′ is also compact and
the virtual Euler characteristic of X , v(X ) is deCned to be (1=[G;G′])(X=G′) where
(X=G′) is the ordinary Euler characteristic.
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Remark 3.16. (a) The usual argument shows v(X ) is well deCned. That is it does
not depend on which subgroup of Cnite index acting freely we use in the deCnition.
(b) The following facts are well known ([3,10]).
(i) If G acts freely and co-compactly on X then (X=G) = (2)(X ;G).
(ii) If H ⊆ G is a subgroup of Cnite index then b(2)p (X ;H) = [G;H ]b(2)p (X ;G).
It follows that for co-compact, virtually free actions v(X ) = (2)(X ;G).
(c) If G acts co-compactly and virtually freely on X then X is l2-Cnite (with respect
to G).
(d) If G acts virtually freely on X then all isotropy groups are amenable, in fact Cnite.
4. Graphs of amenable groups
In this section we wish to apply Theorem 3.10 when G is the fundamental group of
a graph of amenable groups. In order to do this we will need some further results.
Theorem 4.1 (LEuck [9]). Let X be a U-CW complex with U amenable, then
HUp (X ;NU ) is weakly isomorphic to NU ⊗CU Hp(X ;C) as NU-modules and hence
have the same U-dimension.
Proof. This is shown in [9] by using a universal coeLcient spectral sequence whose
E2p;q term is Tor
CU
p (NU;Hq(X;C)) and which converges to HU∗ (X ;NU ) and then uses
the fact that if U is amenable then dimU (TorCUp (NU;Hq(X;C)))=0 for all p¿ 0. One
should note that this result can also be obtained as follows. Whenever we have a U -CW
complex Y and a U -module M , there exists two spectral sequences converging to the
same graded group {Hn}. The Crst has E2p;q = Hp(U;Hq(Y;M)) and the second has
′E1p;q = Hq(U;Cp(Y )⊗M) ≈
⊕
,∈-p Hq(U,;M,) where -p is a set of representatives
of the orbits of the p-cells of Y and U, is the isotropy group of the cell ,, see [2],
p. 172. If U is amenable and M = NU then both spectral sequences C-collapse, the
Crst to NU ⊗CU H∗(Y;C) and the second to HU∗ (Y ;NU ) by virtue of Theorem 2.4, the
fact that Hq(Y; NU ) ≈ NU ⊗ Hq(Y;C) with the diagonal U -action and the following
well known fact. If k is any ring and A, B, and C are kG-modules with B free as a
k-module, then
TorkGp (A⊗ B; C) ≈ TorkGp (A; B⊗ C);
where A ⊗ B and B ⊗ C have the diagonal G-action. This follows since if P∗ is a
projective kG-resolution of k, then TorkGp (A ⊗ B; C) is computed as the homology of
the complex
(A⊗ B)⊗G P∗ ≈ (A⊗ B⊗ C)G ≈ A⊗G (B⊗ P∗);
where (A ⊗ B ⊗ C) has the diagonal G-action. But B ⊗ P∗ with the diagonal action
is a projective kG-resolution of B ⊗ C since B is k-free, ([2], p. 69). Hence this last
complex computes TorkGp (A; B⊗ C).
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The edge homomorphisms E20;p → Hn →′ E2p;0 provide the C-equivalence.
Let |G| denote the order of G. The following result is proven in [9] for |G| inCnite
and is well known for |G| Cnite. We always interpret the symbol k=∞ to be 0.
Proposition 4.2. If V is a CG-module and dimC V ¡∞ then dimG(NG ⊗CG V ) =
dimC V=|G|.
Proof. For |G|=∞, LEuck ([9], Lemma 3.4) proves this by showing that l2(G) contains
no G-invariant subspaces which are Cnite dimensional over C. For |G|¡∞ it follows
since if U ⊆ CG is an irreducible submodule with character +, then the central primitive
idempotent corresponding to + is
e =
+(1)
|G|
∑
g∈G
+(g−1)g
([5], p. 204). This is clearly a self-adjoint idempotent, i.e. a projection and so
dimG(NG ⊗CG V ) = dimG(V ) = e(1) = +(1)
2
|G| :
But +(1) is the degree of the representation and dimC V=+(1)2 since V ≈ M+(1)(C).
Denition 4.3. A space Y is rationally Cnite if
∑
dimQ H∗(Y;Q)¡∞ and if Y is
rationally Cnite we deCne the rational Euler characteristic,
Q(Y ) =
∑
p
(−1)p dimQ Hp(Y;Q):
Theorem 4.4. Suppose G is the fundamental group of a graph of amenable groups
with only $nitely many edge and vertex groups $nite. Let X be a G-CW complex
and suppose X is rationally $nite.
(a) If the action of G on X is co-compact and virtually free then
v(X ) = Q(X )
(∑
v∈V
1
|Gv| −
∑
e∈E
1
|Ge|
)
:
(b) If the action of G on X has all isotropy amenable and
∑
,∈- (1=|G,|)¡∞ where
- is a set of representatives of the orbits of cells then
∑
,∈-
(−1)dim , 1|G,| = Q(X )
(∑
v∈V
1
|Gv| −
∑
e∈E
1
|Ge|
)
:
Proof. The Crst statement is an immediate consequence of Theorem 3.10 and the
previous results. The second follows from the corollary to Theorem 3.10 since from
the second spectral sequence referred to in Theorem 4.1 one sees that (2)(X ;G) =∑
,∈- (−1)dim ,1=|G,|. This last formula for (2)(X ;G) can also be found in [3,10].
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The above results can be used to extend the following theorem of Gottlieb. See [12]
for a history of this theorem.
Theorem 4.5 (Gottlieb [7]). Let X be a $nite K(G; 1). If (X ) = 0 then the center
of G is trivial.
The best extensions of this theorem to date have been results of Cheeger and
Gromov, [3] and of Eckmann [6]. Although related they are slightly diNerent.
Theorem 4.6.
(a) [3] Let X be a $nite K(G; 1). If G contains a non-trivial in$nite amenable normal
subgroup then (X ) = 0.
(b1) [6] Suppose G is in$nite amenable and acts freely and co-compactly on an
n-dimensional CW-complex Y such that dimQ Hi(Y;Q)¡∞ for i¡n. Then
(−1)n(Y=G)¿ 0 and if dimQ Hn(Y;Q)¡∞ then (Y=G) = 0.
(b2) [6] Suppose G is in$nite amenable and acts freely and co-compactly on an
n-dimensional connected CW-complex Y with Hi(Y;Q) = 0 for 0¡i¡n. Then
(Y=G) = 0 if and only if Hn(Y ) = 0.
Using Theorem 4.4 one can extend both these results to the case where G is the
fundamental group of a graph of inCnite amenable groups. At the same time one can
combine the two results of Eckmann into a single statement.
Theorem 4.7. Let X be a $nite K(G; 1). If G contains a non-trivial in$nite normal
subgroup H where H is the fundamental group of a graph of in$nite amenable groups
then (X ) = 0.
Proof. This theorem is immediate as soon as one realizes that in the proof of Cheeger
and Gromov all that one needs from the subgroup H is the fact that b(2)p (H) = 0 for
all p¿ 0. But this is the content of Corollary 3.11.
Theorem 4.8. Suppose G is the fundamental group of a graph of in$nite amenable
groups and acts co-compactly and virtually freely on an n-dimensional CW-complex
Y such that dimQ Hi(Y;Q)¡∞ for i¡n. Then (−1)nv(Y )¿ 0 and the following
are equivalent.
(a) Hn(Y ) = 0,
(b) dimQ Hn(Y;Q)¡∞,
(c) v(Y ) = 0.
Proof. Theorems 3.10, 4.1 and Proposition 4.2 together with the hypothesis on Hi(Y;Q)
for i¡n shows v(Y ) = (−1)nb(2)n (Y; G). Hence the Crst statement. If dimQ Hn(Y;Q)
¡∞ the same argument shows b(2)n (Y; G) and hence v(Y )=0. The fact that b(2)n (Y; G)=
0 implies Hn(Y )=0 can essentially be copied directly from Eckmann’s paper as it has
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nothing to do with the nature of G but only with the fact that Y is n-dimensional.
If G′ ⊆ G is of Cnite index then b(2)p (Y ;G′) = [G :G′]b(2)p (Y ;G). Hence if v(Y ) = 0
then b(2)p (Y ;G′) = 0. Since G′ acts freely and co-compactly on Y , b
(2)
p (Y ;G′) can be
computed as the dimension of the p-dimensional reduced ‘2-cohomology of Y , see
[3]. This cohomology is computed from the cellular real ‘2 k-cochains on Y , i.e. those
cellular k-cochains f with
∑ |f(,)|2¡∞ where the sum is over all k-cells of Y .
Now if Y ′ is any Cnite subcomplex of Y then any ordinary n-cochain on Y ′ can be
extended by zero to an ‘2 n-cochain on Y which must be an ‘2-cocycle since there are
no ‘2 (n+1)-cochains (Y is n-dimensional). Hence if b(2)p (Y ;G′)=0 then Hn(Y ′;R)=0
for all Cnite subcomplexes of Y which in turn implies Hn(Y ′;Z) = 0 again since Y is
n-dimensional. Hence Hn(Y ) = 0.
Remark 4.9. The class of groups which are the fundamental group of a graph of
inCnite amenable groups is strictly larger than those of inCnite amenable groups as
the group {a; b|a2 = b3} which is the amalgamated free product of two copies of the
inCnite cyclic group amalgamated by an inCnite cyclic group maps onto SL(2;Z) and
so is non-amenable since SL(2;Z) is non-amenable.
Since Fn, the free group of rank n, is the fundamental group of a graph of amenable
groups with n vertex groups inCnite cyclic and n − 1 edge groups trivial we see
immediately from Theorem 3.10 and Proposition 4.2 the following
Theorem 4.10. Suppose X is a rationally $nite Fn-CW complex with all isotropy
amenable, that is either trivial or in$nite cyclic. Then
b(2)p (X ;Fn) = (n− 1) dimQ Hp−1(X;Q) for all p¿ 0:
Remark 4.1. It is clear that all that is needed for the conclusion of the theorem is
dimQ Hj(X;Q)¡∞ for j = p− 1; p.
Since the fundamental group S of an oriented surface of genus g¿ 1 is the funda-
mental group of Cnite graph of groups with 2 vertex groups free of rank 2, g−2 vertex
groups free of rank 3 and all g − 1 edge groups inCnite cyclic and Z × Z is inCnite
amenable we obtain the following interesting but probably totally useless corollary.
Corollary 4.12. Suppose an oriented surface group S of genus g¿ 1 acts freely and
co-compactly on a rationally $nite CW-complex X. Then (X=S) = (S)(X ). More
speci$cally, b(2)p (X ; S) = (2g− 2)dimQ Hp−1(X;Q).
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